T his p a p e r m ay be reg ard ed as th e sequel to a n earlier one (R ayleigh 1942) a n d deals w ith th e form ation of artificial pebbles u n d e r controlled conditions, a n d th e ir com parison w ith th e pebbles found in n a tu re . As before, sym m etrical pebbles h av in g a n a p p ro x im a te figure of revolution are chiefly considered.
The present paper may be regarded as the sequel to a former one (Rayleigh 1942) and deals with the formation of artificial pebbles under controlled conditions, and their comparison with the pebbles found in nature. As before, symmetrical pebbles having an approximate figure of revolution are chiefly considered.
The vast majority of pebbles found in nature are obviously shaped by the abrasion of other like pebbles rolled with them in watercourses and on sea beaches. In the earlier work chalk was used as the material of artificial pebbles, and it was shaped by being placed in a metal box with various kinds of abrasive 'particles',* small short 'tintacks', and steel hexagon nuts. The box was kept in slow rotation about one of its shorter axes.
Chalk was used because it is soft enough to be readily shaped into spheroids. In the present work this material was abandoned. Marble was used instead, and it was sawn and filed into prisms of square section.
To imitate the natural process chiefly at work in the formation of pebbles, the marble block was placed in a metal can measuring 17 x 10 x 7 cm. With, it were placed about 250 g. of angular fragments of hard steel, weighing some 6 g. each. They were made by breaking up old files. On account of their weight and hardness, these acted as a more efficient abrasive than other pieces of marble would do, but otherwise their action is believed to be similar.
The box was rotated about its shortest axis by a small motor with a worm gear to reduce the speed. The rate was 40 r.p.m., causing the contents to fall to the opposite end of the can 80 times per minute. The power consumed was less than 20 W, so that prolonged runs could be made without too great a demand on the electric supply (from accumulators). Three or four days were sometimes necessary.
A series of pebbles was made from blocks of marble ranging from 4 x 2 x 2 cm., producing a prolate pebble, through 2 x 2 x 2 cm., producing an approximate sphere, to 4x4x2 cm., producing an oblate pebble. The finished pebbles were of course considerably smaller.
The actual pebbles are shown in plate 8, figures 1-8. They were attached to a glass plate and printed by a simple shadow method with a distant arc lamp as source, and without using lenses. They are reproduced in actual size.
As regards the size of the initial rectangular prisms, these were:
(1) 4x2x2 cm., (2) 3*3 x 2 x 2 cm., (3) 3 x 2 x 2 cm., (4) 2-7 x 2 x 2 cm., (5) 2x2x2 cm., (6) 0-2 x 2-5 x 2*5 cm., (7) 2x3x3 cm., (8) 2x4x4 cm.
Below the row of artificial pebbles are placed a series of natural pebbles of flint (plate 8, figures 9-15). These also have an approximate figure of revolution; the axis is shown vertical when the printed m atter on the diagram is oriented for reading.
Flint pebbles of the desired symmetry are not very common-indeed, not more than 1 or 2 % of the local flints have any regularity at all, and the percentage having symmetry about an axis is far smaller still. I t has not therefore been pos sible to match the artificial series of pebbles exactly with natural ones. Neverthe less, it will probably be agreed th at the general resemblance of the two series proves that the artificial process is representative of the formation of natural pebbles.
There is no direct knowledge of the initial shape of the angular piece from which a particular rounded pebble was formed in nature. The pebbles here considered have an axis and a plane of symmetry, and they would most naturally be regarded as having originated in an approximate prism, more likely a square prism than any other, for triangular or pentagonal prisms, for example, are unlikely to occur. An initial solid having less symmetry than these can hardly satisfy the require-merits, at least if the abrasion is by friction with other pebbles. As will be seen, the case is different if abrasion in a pothole is taken into account. I t will be seen from the extremes of the series 1-8 (plate 8) th a t it is quite illusory to regard the ellipsoid as a typical form for a pebble produced by abrasion by other bodies of comparable size or smaller size than its own. The axial section of such a pebble always lies outside the ellipse, or, in other words, the pebble allows a spheroid to be inscribed within it, touching only a t the poles and a t the equator.
The nearly spherical form in the middle of the series is of course an exception to this, and it is obvious a priori on general geometrical grounds th a t a pebble deviating only slightly from the sphere can be closely represented as a spheroid. Moving further along the series it will be noticed th a t this approximation breaks down and can have no physical significance. At the ends of the series there is no kind of resemblance to a spheroid. No. 1 may be described as a cylinder with rounded ends, no. 8 as a disk with rounded edges.
In the cases just treated, simple inspection shows th a t those pebbles with figures of revolution which deviate considerably from the sphere are not spheroidal, but, if fitted to a spheroid a t the poles and the equator, will bulge away from it a t intermediate latitudes.
To examine this m atter more closely, the actual size silhouette was enlarged photographically on to glass of half-plate size. The glass enlargement was pu t down as symmetrically as possible, film side downwards, on to a piece of squared paper with mm. rulings, on which the proposed axes had been marked. The glass was then secured to the section paper with sealing wax to prevent relative movement. The V ordinate corresponding to a given abscissa was read off in all four quadrants and the arithmetic mean was taken. In this way, a single quadrant of an idealized pebble section was defined and plotted on the arbitrary scale of the enlargement. The corresponding quadrant of an ellipse with the same axes was calculated and plotted for comparison on the diagram. The scale of the diagrams is arbitrary, and not the same for all.
The ellipse is shown by a full line, and the pebble outline by a dotted line, when it differs widely enough from the ellipse to admit of separate representation.
Figures 16 and 17 show artificial marble pebbles, prolate and oblate, from the above series. In both cases the principal section of the pebble lies outside the ellipse drawn to the same axes, and I have not so far found any exception to this rule among artificial pebbles shaped by mutual attrition, or among natural pebbles (figures 18, 19) . I have, however, met with a pebble with shape approaching much more closely to the oblate spheroid. This pebble was one of a collection given me by Sir D'Arcy Thompson, and was figured in the previous paper (Rayleigh 1942). I t was perhaps from the river Spey, but this is uncertain.* I t is very unfortunate th a t no precise details are available as to the origin of these pebbles.
* Other oblate pebbles in the same collection, but not of the same material, show more nearly the usual flattened form. Reflecting, however, on the problem of how such an ellipsoidal pebble might be made in nature, abrasion on rocky river beds or in potholes was considered.
I t is evident th a t the abrasion of a pebble in these occurs under conditions very different to those used in the earlier experiments, in which the pebble was abraded by bodies of the same dimension as its own or less. When it is abraded on a river bed or in a pothole, it is, in effect, being abraded by a fixed body of dimensions very large compared with its own. The idea was conceived of making an artificial
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Lord Rayleigh F ig u r e 26 pothole in the laboratory. I began with an ordinary flower pot with w ater entering tangentially from a hose connected to the water supply, and flowing out through the central hole. This approximates to w hat Rankine (1864, P-574) calls a free vortex. Small pebbles of chalk were carried round and abraded by the unglazed earthenware surface. The angular velocity is greatest a t the centre, and a short perforated zinc tube was placed axial with the pot to prevent the pebble getting into the exit hole and plugging it. This arrangement gave suggestive preliminary results, but was wasteful of water and not very effective. A forced vortex, i.e. one in which the water is caused to rotate with nearly uniform angular velocity, was then adopted. The vessel, a cylinder 27 cm. in diameter (figure 26), was partly full of water which was kept in rotation by a revolving paddle To abrade the experimental pebble a stationary abrasive disk A covered the bottom of the cylinder. This disk consisted of carborundum grit, i.e. crystals of about 1 mm. linear dimensions, mixed with about one-third its bulk of Portland cement, and allowed to harden for several days. This abrasive cement was worn away to a con siderable extent in the course of the work. I t answered the purpose sufficiently well, but a coarse vitrified carborundum wheel as used in grinding machines would probably have made a better (stationary) disk. It was necessary to prevent the stone getting to the centre of the vortex, where it would be stationary on the bottom. A hemispherical lead weight of 9 cm. dia meter was placed in the middle of the disk to prevent this, and the stone C was limited to move in the annular track between this and the side of the cylinder. As soon as the paddle was started it went round this course, turning on to every side, edge and corner in succession as it was dragged over the abrasive surface by the water current.
I t constantly knocked against the side of the cylinder, and it was possible to judge from the sound when all was working satisfactorily, even when the water had become opaque with the mud resulting from the grinding.
The size of pebble that can be moved will depend-other things being equalon the circumferential velocity v of the water. If the water revolves with uniform angular velocity, the pressure will be greatest at the outside, the water surface being a paraboloid. The height of the surface above the central depression is when g is the acceleration of gravity. For a velocity of 2 m./sec. the height is 20-4 cm. The actual mean speed was nowhere quite so large.
To move a rectangular block and to overturn in from its stable position is of Course more difficult than to move a rounded pebble which can roll. My arrange ment would keep a marble block 6 x 6 x 3 cm. weighing 320 g. on the move. I t was found, however, that pebbles from a block as large as this did not preserve a very satisfactory degree of symmetry. The size ultimately preferred was about 4 x 4 x 2 cm. to produce oblate pebbles, and 4 x 2 x 2 cm. to produce prolate ones. These sizes had been used for the pebbles produced by other methods.
I t is possible that by planning everything on a larger scale and with higher angular velocities, perfect pebbles of large size might be produced in the vortex on an abrasive bed.
Coming now to the results, the plate shows tfiat the pebbles formed by this method (figures 22, 25) are of quite a different shape from those produced by attrition with steel fragments (figures 21, 24). Their meridional sections were plotted in comparison with an ellipse in the way already explained, and it will be seen th at the pebble, whether prolate or oblate, lies inside the spheroid which is adjusted to fit it at the poles and at the equator (figures 27, 28). I t will be seen then that the most common process, attrition by other pebbles, produces a pebble which lies outside the spheroid. Another process, of the general nature of attrition in a pothole, produces pebbles which, though nearer to the spheroid than the common kind, lie inside it instead of outside. Such pebbles can 328 Lord Rayleigh F igure 27 F i g u r e 28 readily be produced in experiment. I have not so far met with any natural ones, but better opportunities of search may lead to the discovery of such.
Clearly the two processes may have co-operated in any given case, and the occasional occurrence in mountainous districts of pebbles showing a close approxi mation to the spheroid can be explained, like the one figured in the previous paper (Rayleigh 1942, facing p. 116) .
The artificial pebbles produced by the pothole method, as it may be called, are in general more perfectly shaped than those produced by attrition with steel fragments. Even unsymmetrical natural pebbles of flint or quartzite tend rapidly to acquire symmetry if they are worked down in the vortex. Attrition by other pebbles does much less to correct asymmetry.
The only actual potholes which I have had the opportunity to examine are some in the sandstone of the North Tyne. The pebbles therein were, however, too irregular in shape to be of any use for the present purpose.
P e b b l e s, natural and artificial 329
Sph e r ic a l p e b b l e s
These present an intriguing problem, on which, however, some additional fight has been obtained. I t was mentioned before (Rayleigh 1942, p. 107) th a t spherical pebbles are occasionally met with in the neighbourhood of Terling, Essex, in the glacial gravel. About six of them have come to my notice in the course of more than a year's interest in the subject. The surface is not very smooth. The size is in general rather large, 4-8 cm. in diameter, not favouring the view th a t this spherical shape is due to unusually prolonged attrition. The approximation to a sphere is such th at the ratio of maximum to minimum diameter ranges from about 1*05 to 1*08, disregarding small local depressions. These seem to stand apart from or dinary quasi-spherical pebbles, for which the corresponding ratio is not often less than 1*2. The indication seems to be th at these spherical pebbles are a class apart, not to be regarded as resulting from the modification of those which are less spherical. I shall return to the experimental aspect of this presently.
On the observational side, Mr J. Reid Moir, F.R.S., kindly drew my attention to a paper by F. N. Haward (Haward 1924) , 'On the origin of the battered spherical flints called cannon shot from the glacial gravel of Norfolk'. Haward takes the view th at these flints were not shaped spherical by abrasion, but th at they were of spherical form in situ in the chalk when they originated, and he figures one of 2 | in. diameter from the chalk pit, Herringswell. Mr Reid Moir kindly obtained a specimen of these 'cannon shot' from the Norfolk gravel, and on comparing its general appearance with those found hereabouts, I have no doubt th at they are of the same origin. I t appears therefore that these spheres were not formed by abrasion at all, and there is no further difficulty on this head.
There remains the problem of the spherical quartzite pebbles mentioned before (Rayleigh 1942, p. 108) from Woolshed, Beechworth, Victoria, Australia (Dunn 1911, plate 7). The one or two specimens in the Natural History Museum figured by Dunn and presented by him are strikingly accurate in shape. I have not so far been able to get any further information about these pebbles or the con ditions in which they are found. I t would be important to know how far the spherical ones are common or exceptional in the locality. I have not been able to hear of them in other museums. Lady Rayleigh informs me th a t long ago she found a perfect sphere some 2 in. diameter of some brown stone in a pothole in Inverness-shire. No other similar stones were found at the same time. The locality was Invergloy on the river Spean, Loch Lochy.
The problem was to determine how good an approximation to a sphere could be produced starting with a stone moderately oblate or prolate. The experiment already described (Rayleigh 1942) did not favour the idea th at abrasion with other stones could produce a good sphere, but special tests were made starting with a piece of marble nearer the sphere than before, and abrading by hard steel fragm ents:
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The oblate spheroid becomes more oblate. The prolate spheroid alters very little, but if anything becomes more prolate. Thus there is no tendency towards the sphere.
The next tests were made by working down spheroids slightly oblate, and slightly prolate, in a vortex on a flat abrasive bed, as described above: Again the ratio length/diameter remains sensibly unaltered, even when a large reduction of diameter takes place. Thus there is no progress towards the sphere when abrasion is in the vortex on a flat bed.
It seemed clear therefore th at the smooth spherical pebbles in D unn's collection could not have originated in either of these ways, and I was somewhat a t a loss. The artificial pothole so far employed has an abrasion bottom and smooth walls. The natural pothole has both bottom and walls abrasive, the bottom being curved like a more or less hemispherical bowl. At the suggestion of Dr E. B. Bailey I tried the use of vertical abrasive walls. A cylindrical ring or hoop of carborundum con crete was made 13 cm. inside diameter and 3 cm. length in the axial direction. This was placed on the bottom of a metal drum and covered with water to a depth of 6 cm. or more. A central paddle was rotated by an electric motor as before. A 331 roughly shaped pebble of marble lay on the bottom, and when the paddle was going it rolled round the periphery against the side walls (figure 29). The pebble was measured from time to time with vernier calipers, and there was no difficulty in determining the maximum and minimum diameter to an accuracy of ±0*1 mm.
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F igure 29
The ratio of these diameters was taken and its excess over unity measures the departure of the pebble from a sphere: The above experiment took about three days run. The original rather irregular lump has been reduced in this time to an approximate sphere very satisfying to the eye, its error of figure (3 %) being scarcely perceptible by inspection, though of course conspicuous enough when calipers are used. I t appears th a t the limit of accuracy has been reached, and th a t a longer run would not have improved it.
No ordinary pebble found in watercourses or in gravel deposits is nearly as good as this one, which has the aspect of a manufactured article. The best pebble in the Dunn collection above mentioned is about as good. A larger sphere, 3 cm. in diameter, and of nearly the same accuracy, was produced in the laboratory in the same way (plate 9, figure 30) . Now as to the explanation of this effect. I t is known th a t an elongated body pivoted in the middle sets itself across a liquid stream. This is readily verified and may be taken as an experimental fact. From the point of view of theoretical hydrodynamics the problem is difficult, and so far as I know the only case where it has been solved is th at of two-dimensional motion past an oblique plane lamina. I t was shown by the work of Kirchhoff and the late Lord Rayleigh (Rayleigh 1876) th a t the centre of pressure is in such a 'position th a t the resultant pressure has a moment tending to set the lamina across the stream, and this example is a sufficient illustration of the general principle which applies in cases less m athe matically tractable. The idea suggested is th a t the pebble, though carried round by the vortex, may be regarded as to some extent pivoted a t the point a t which it rests momentarily on the bottom of the vessel. I t will therefore tend to set itself radially while moving circumferentially on the bottom. Further, centrifugal force will cause the end of the elongated pebble to press against the abrasive walls, and as it does so it will be worn away. I t appears then th a t the longest axis places itself in the position which is favourable for shortening it, and this process of con tinually grinding away the longest dimension must clearly tend to produce the spherical form. I t is perhaps scarcely to be foreseen how far this process would go in producing a perfect sphere. I t was found, as above, th a t the process ceases to be effective under the conditions used when the longest axis, is 3 % in excess of the shortest. I t will probably cause surprise th a t a body so little elongated as this should have any appreciable tendency to set itself across the stream. Nevertheless, a specially designed experiment, though only qualitative, shows clearly enough th a t such a tendency is in evidence. An approximate spheroid of boxwood was turned in the lathe, 2-06 cm. long and 2 cm. in diameter. I t was carried on the middle of a brass torsion wire its length being perpendicular to the wire. The control was reasonably stiff, giving a period of complete vibration of about half a second. The motion was of course damped by the water when the ball was immersed. The long dimension was marked in black and set itself radially when the boxwood ellipsoid was held in the vortex, with the torsion wire vertical, even when the velocity was less than th at used in shaping the stones. I t appears there fore th a t the directive action of the stream remains appreciable even when the ball is approaching the spherical form.
When the ellipsoid is more elongated, say to the extent of 5 % instead of 3 %, the directive force is stronger, and can show itself when the ball is mounted on a vertical pin working in a socket with considerable solid friction, instead of the torsion wire. The transverse radial position of the ellipsoid is then held by the solid friction, and can be verified farther (if judged necessary) when the motion of the water has been stopped.
In order further to check the correctness of this view of the m atter, a small square prism of marble 9 mm. square and 15*7 mm. long was placed in the vessel inside the abrasive cylinder. The prism had developed rounded ends, and in 4| days the all-over length was reduced to 12*7 mm., the transverse measure ment being almost unaffected. a few days more would doubtless reduce it to a sphere.
This experiment was carried out on a small scale to reduce the linear thickness to be abraded away, and hence the time required. W ith very long and narrow prisms this experiment does not succeed well. The reason for this is not difficult to guess, but seems hardly worth going into a t length.
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P e b b l e s w it h concave s u r fa c e s I gave an account of these in the former paper. Tabular flint pebbles often have a slight concavity, and it was shown th at this could be imitated experimentally by abrading a flat surface of steatite with fragments of metal of a size comparable with its own, but not with relatively small particles such as gunshot.
In further experiments, I have used marble sheets or slabs of c. 10 mm. thick as found in commerce. A piece of 3 cm. square and 8*80 mm. thick was taken and gauged at the centre of each side and in the middle. The mean thickness was 8*90 mm. I t was then placed in a can with sharp broken flints of dimensions com parable with its own and covered with water.
After prolonged rotation (some 24 hr.) the piece was reduced / ~--------■ ----\ to a cushion shape with hollow faces, easily recognizable as such \ _________ __ J by the use of a straight edge, or perhaps even without it. The F ig u r e 31 concavity (exaggerated) is indicated in figure 31 .
The thickness (at the edges) when it is a maximum averages 7*90 mm. and in the middle 7*78 mm. The difference, 0*12 mm., seems to have reached a limit, not increasing toward the end of the run. I t is only a small fraction of the total reduction of thickness, which is about 1*0 mm.
I discussed the cause of this concavity in the previous paper, but the view then taken was quite inconclusive, as pointed out to me by Dr E. B. Bailey, and I wish to withdraw it. In attacking the subject again, it was resolved to check every step as far as possible by experiment. In determining the effect of abrasion by impacts on a plane surface, the idea suggested itself of using a polished surface of glass with a substance harder than glass, such as flint or carborundum, for the im pinging body. Each effective impact should then make a highly localized pit in the polished surface. The distribution of these pits can be examined under a reading glass or other low-power magnifying lens. This method supplements observation of curvature. I t gives a much quicker result, and exhibits the action in a fresh light. The conditions of abrasion were as described above. A new piece of plate glass of a standard size, 3 x 3 cm. with a thickness of about 3 mm., was used in each test.
Such a piece was abraded for a few minutes with about 60 g. of carborundum grit, grain size about 1 mm. The result of this experiment was that the pittings of the glass were concentrated at the edge, and were fewest at the centre (plate 10, figure 32 ). This is the common process of producing convexity in pebbles, the main and conspicuous result of abrasion which is commonly noticed.
In the next experiment, some twenty broken flints, each one of dimensions comparable with that of the glass, i.e. 3 cm., were put in instead of carborundum. I t was now found that the pittings were concentrated at the centre (plate 10, figure 33 ). At the same time and quite distinct from this, some chips of relatively larger size were broken off from the edges of the glass. It is evident that the pittings concentrated at the centre represent the beginnings of a concave curvature there. The large chips at the edge represent the beginning of a rounding of the edges, which, if the process were continued long enough, would spread towards the centre, overwhelming and obliterating the concave curvature, and eventually replacing it by convexity. The large chips detached while the edge of the glass is sharp would be replaced by pittings when it ceased to be so; there would then be a maximum of pittings at the edge and at the middle, with an intervening mini mum, which latter represents the high ridge near the periphery of a specimen such as that represented diagrammatically in figure 31 . As abrasion proceeds, the edges get worn away, and the edge abrasion continually encroaches on the concavity.
It is hoped that this point has been clearly made out. It remains to consider why concavity is produced at all. I may confess that it was to me an unexpected result of abrasion, and I have not been able to find that it has been noticed by previous writers.
As is seen in this and the previous paper, concavity is only noticeable when the abrasive is in pieces comparable with the size of the specimen, and is not produced by a powdered abrasive. To simplify the conditions, only one single piece of flint was used as abrasive, comparable in size with the glass. In this case there was definitely no tendency for the pittings to be concentrated in the middle (plate 10, figure 34 ). It is concluded therefore that this tendency is due to the action of pieces other than the one which actually makes the effective blow, and this action can hardly be anything but a 'protective one. In other words, when there are a number of abrasive pieces, these tend to cover up the edge of the specimen more often than the middle, leaving the latter more likely to receive a wound. Hence the con centration of the pittings in the middle. The tendency is not a very marked one, and consequently the concavity never becomes deep, the countervailing tendency to produce a convexity from the edge inwards being the more powerful, and eventually asserting itself everywhere. The concavity is thus not a very important or significant effect, but, since it presents itself in nature, even without the experi mentalist, it seemed to be worthy of examination.
